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ABSTRACT OF THESIS 
 
 
NUMERICAL APPROXIMATION OF THE GROUND REACTION AND SUPPORT 
REACTION CURVES FOR UNDERGROUND LIMESTONE MINES 
 
Pillar stability has been a matter of study for the last 70 years. The determination 
of pillar strength had taken different solutions and approaches over that time. This research 
has led to numerous empirical formulations that have reduced the number of pillar failures 
worldwide. However, new numerical approaches are being studied. In the last 20 years, the 
Ground Reaction Curve concept has been examined as a way of understanding the 
convergence of the rock-mass. Although the Ground Reaction Curve was first introduced 
in the civil tunneling industry, several authors have introduced the Ground Reaction Curve 
concept as an approach for an integrated pillar design methodology.  
 
Furthermore, the intersection of the Ground Reaction Curve and Support Reaction 
Curves can be used to determine the appropriate support systems for underground 
excavations. The man-made support structures (i.e., pumpable cribs, concrete cribs, and 
wood cribs) in a mine will have a unique Support Reaction Curve. Literature suggests that 
the pillar structures in underground mines can also be regarded as support structures and 
their reaction to tributary and or abutment stress can be viewed with respect to the ground 
reaction curve at the pillar location. In this study, an underground limestone mine was 
instrumented with borehole pressure cells and roof extensometers. This thesis presents a 
series of two-dimensional and three-dimensional finite element numerical models that 
were used to estimate the Ground Reaction Curve and the Support Reaction Curve for a 
pillar. The numerical models consider the stages of development and benching around the 
pillar. Numerical results are compared with field measurements of the study case located 
in northern Kentucky. 
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CHAPTER 1. INTRODUCTION   
1.1 Overview 
The opening of underground excavations induces changes in the initial in-situ stresses of 
the rock mass. These changes are deformations not produced by externally applied loads, 
but from the rock mass restoring the equilibrium that the excavation perturbed. 
Over time, many hypotheses have been formulated to explain the in-situ state stress of the 
earth's crust and its causes. Nonetheless, no one has been able to measure the in-situ stresses 
without changing them in the process. As a consequence of this, the results are invalid 
(Caudle and Clark, 1955). 
The design of mine structures has been broadly based on experience-based methods. Pillar 
design methodology operates under the assumption of the precise calculation of the stresses 
acting on the pillar and the stresses the pillar can bear. The pillar strength needs to be 
greater than the dead weight of the overburden to ensure stability.  This approach relies on 
accurate estimates of stresses and pillar strength. The stresses acting on the pillar have been 
calculated in various ways, such as the tributary area theory, the abutment angle theory, 
and the pressure arch theory. These methods are mainly based on geometry. Pillar strength 
has been extensively estimated using empirical approaches. These calculations do not take 
into consideration the complex geology and the different stress states. Also, these methods 
do not take into consideration the effect of in-situ stresses. 
The ground reaction curve, GRC, describes the decreasing internal pressure of the ground 
when an excavation is completed. It also shows the convergence produced by the 
excavation. This curve can be obtained with an analytical solution. Nonetheless, this 
solution can be derived under certain conditions. The assumptions to be made are a circular 
excavation, isotropic stress field, homogeneous rock mass and, plain stress conditions.  It 
is a method that started in the tunneling industry and, in recent years, has been applied to 
pillar design.  
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The support reaction curve, SRC, describes the stress-convergence response of a 
determined support system. For pillars, it will describe the amount of stresses the pillar is 
bearing and the corresponding displacements.  
As a response to the limitations, analytical and empirical solutions may have in their 
approach. Numerical modeling had become a useful tool to determine the GRC and the 
SRC. This would work because it can simulate the rock mass's behavior, different stress 
state, and intricate geometry.  
1.2 Problem Statement 
The study of rock properties, stresses, and the general understanding of the rock mass has 
achieved remarkable advances in the last 50 years. 
However, a unified methodology is still needed. The current pillar design methodology is 
based on the calculation (by different approaches) of the pillar's strength and the stresses 
acting on the pillar. With this, a safety factor is calculated. Although this methodology has 
served efficiently and the successful study cases available has become broader. As time 
passes, the mining activity has transitioned into more profound and technically challenging 
deposits. This is a consequence of mineral prices and technological advances. 
These new mining conditions, where the in-situ stresses and the overburden response had 
not been fully understood. Because of this, the pillar design methodology requires a new 
approach. 
Design in rock mechanics has extreme importance, as stated by (Bieniawski 1992). He 
proposed six design principles for rock mechanics.  
1. Independence principle: That states that the merest set of independent functional 
requirements will completely characterize the design objectives for a particular 
need. 
2. Minimum uncertainty principle: That states that the best design has the least 
uncertainty concerning the geology. 
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3. Simplicity principle: That states that the complexity of any design solution can be 
minimized. 
4. State-of-the-art principle: That states that the best design maximized the findings 
of state-of-the-art research findings. 
5. Optimization principle: That states that the best design will be defined using 
optimization theory and cost-effectiveness considerations  
6. Constructability principle: That states that the best design facilitates the most 
efficient construction.  
Figure 1 shows a schematic for design in rock mechanics as proposed by Bieniawski 
(1992). 
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Figure 1: Engineering design principles for rock mechanics (Bieniawski 1992) 
1.3 Outline of the Thesis 
The first chapter of the master thesis gives a brief introduction to the problem and outlines 
the thesis. 
Chapter 2 presents a literature review of the stone pillar design methodology. It also 
reviews the ground reaction curve and the support reaction curve concepts, the origins in 
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the civil engineering industry, and the later implementation in the mining industry. Some 
basis about rock mass material models is also explained.  
Chapter 3 gives a comprehensive explanation of the methodology used to calculate the 
ground reaction curve and the support reaction curve. It also explores the different 
approaches to determine these curves. 
Chapter 4 discusses the process of the instrumentation of the room and pillar mine in 
Kentucky. The initial plan of instrumentation and the mine layout. It also shows the 
instrumentation results and the general aspects of the mine.  
Chapter 5 gives a detailed overview of the numerical modeling tools used (RS2 & RS3), 
followed by the step by step process to create the models for determining the GRC and 
SRC. 
Chapter 6 presents the obtained results and present a discussion about the GRC and SRC 
applicability for this mine.  
Finally, chapter 7 gives a general conclusion of the research work given in the master 
thesis, and proposals for further research are suggested. 
1.4 Limitations 
The main limitations of the analysis for the ground reaction curve and the support reaction 
curve in this thesis are basically the following: the rock mass properties are taken from the 
literature (i.e., no laboratory test results available), and the rock mass is modeled as a 
continuum material. In this approach, no weakness planes or fractures were considered. 
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CHAPTER 2. LITERATURE REVIEW 
2.1 Rock Mass Materials Models  
One of the most difficult parts of using a numerical model is to determine the correct (most 
accurate) material properties for input (Heasley and Chekan 1998).  
2.1.1 Mohr-Coulomb Failure Criterion 
The Mohr-Coulomb failure criterion has been widely used for geomechanical applications. 
This criterion involves Coulomb's hypothesis which predicates a linear relationship 
between the shear strength on a plane and the normal stress that acts on it. The general 
form of the equation is as follows: 
 
τ = c + σntanφ 
 
In this equation, τ is the shear strength, σn is the normal stress (compression is positive), c 
is the cohesion, and φ is the angle of internal friction. 
For some cases, peak and residual values for the cohesion and friction angle can be entered. 
Thus, after the initial yielding, the material's strength will drop from the peak state to a 
lower state.  
Figure 2 shows the Mohr-Coulomb failure criterion. 
 
Figure 2: Mohr-Coulomb failure criterion (Zhao 2000). 
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where σ1 is the maximum principle stress, σ3 is the minimum principle stress, and 2β the 
shear failure plane. 
2.1.2 Hoek-Brown Failure Criterion 
The Hoek-Brown criterion is a non-linear relationship between maximum and minimum 
principal stresses. For this criterion, Hoek and Brown acknowledge that the rock 
engineering problem in which the overall stability of a deep surface cut or the components 
of a system of underground excavations will be determined by the mass behavior of the 
rock mass surrounding the excavation. Furthermore, depending on the sample size, the rock 
will transition from intact state to heavily jointed (Brown and Hoek 1980). This can be 
observed in Figure 3. 
 
Figure 3: Transition from intact rock to heavily jointed rock mass with increasing sample 
(Brown and Hoek 1980). 
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They introduced their failure criterion to provide input data for the analyses required to 
design underground excavations in hard rock (Hoek, Carranza-Torres and Corkum 2002). 
It was derived from the research into the brittle failure of intact rock by Hoek (1968) and 
on model studies of jointed rock-mass behavior by Brown (1970). 
The equation that describes the model is as follows: 
 
σ1 = σ3 + σci �mb +
σ3
σci
+ s�
a
 
 
In this equation, σ1 and σ3 are the major and minor principal stresses, σci is the unconfined 
compressive strength of the intact rock, and mb, s and 𝑎𝑎 are material constants derived 
empirically as follows: 
mb = miexp [(GSI−
100
28
− 14D)] 
s = exp �
GSI − 100
9 − 3D
� 
a =
1
2
+
1
6
�e−GSI 15⁄ −e−20 3⁄ � 
 
D is a factor that depends on the degree of disturbance. It is assigned depending on how 
much the rock mass has been exposed to blast damage. The geological strength index (GSI) 
was introduced as a tool to collect field information to calculate mi, s and a by Hoek (1994). 
The GSI classification was set to address the two principal factors considered to have 
important influences on the mechanical properties of a rock mass the structure and the 
condition of the joints (Hoek and Brown 2019). 
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Figure 4: Hoek-Brown failure criterion and Mohr-Coulomb equivalent 
Figure 4 shows the Hoek-Brown criterion and the equivalent Mohr-Coulomb criterion. 
2.2 Material Behavior Models 
There are three main ways to characterize the behavior of rock masses. The first and most 
straightforward approach is to have a perfect-elastic, perfectly plastic behavior. This 
behavior states that when a specific value of axial strain is reached (yield point), it will not 
be possible for the rock mass to go back to the previous strain level (Hoek 2001). (Figure 
5 shows this behavior. 
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Figure 5: Elastic-plastic behavior model very poor-quality soft rock mass (Hoek 2001) 
The second approach is elastic-brittle residual behavior. This behavior shows that when the 
strength of the rock mass is exceeded, a sudden strength drop occurs (Hoek 2001). Figure 
6 shows this behavior. 
 
Figure 6 Elastic-brittle behavior model very good quality hard rock mass (Hoek 2001) 
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The last approach uses a trilinear elastic-strain, softening-residual, plastic stress-strain 
model. It has been assumed that post-failure deformation occurs at a constant stress level, 
defined by the compressive strength of the broken rock mass (Hoek 2001). Figure 7 shows 
this behavior. 
 
Figure 7 Strain-softening behavior model average quality rock mass (Hoek 2001) 
2.3 Review of Current Stone Pillar Design Methodology 
There are more than 120 operating underground stone mines in the United States that use 
the room-and-pillar method of mining. The function of pillars in this method is to provide 
both local and global stability. Local stability is defined as the provision of stable ribs and 
stable roof conditions that allow safe access to working areas. Global stability is defined 
as the need to support the weight of the overburden rocks up to the ground surface 
(Esterhuizen, Dolinar and Ellenberger 2010). 
According to Ray, Agioutantis and Kaklis (2019), there are three main design approaches 
for the analysis of the stability of underground openings. The numerical approach, the 
analytical approach, and the data-driven approach. 
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2.3.1 Pillar Strength 
Pillar strength can be defined as the maximum axial compression a pillar can bear before 
it fails. The determination of pillar strength, by the empirical approach, can be divided into 
different empirical design methods. The researchers relate pillar width, pillar height, intact 
rock strength, and safety factor to calculate the pillar strength.  
The strength of the empirical method is that specific failure mechanisms need not be 
considered. The empirical approach's main limitations are the inability to go beyond the 
survey data's particular conditions (material properties, overburden, geometry, and local 
geologic conditions) (Iannacchione 1999).  
Bieniaswki (1984) wrote that the strength of mine pillars is dependent on three main 
elements: (1) the size or volume effect (strength reduction from a small laboratory 
specimen of rock to full-size mine pillars), (2) the effect of pillar geometry (shape effect), 
and (3) the properties of the pillar material. 
Pillar stability is critical for mining operations. Room-and-pillar and in the gate-road 
section of the longwall mines pillars are the primary support for the overburden. Unstable 
pillars can lead to massive collapse of the panels, gate blockage, pillar bump, and 
subsidence (Mark 1987). 
2.3.1.1 Shape Effect Formulation 
This shape effect formulation assumes that pillars with a width-to-height ratio of one will 
have equal strength without considering the pillar volume. It assumes that the relationship 
between the pillar width/height ratio and pillar strength is lineal. This set of formulae share 
the form: 
S = 𝑘𝑘 ∗ [A + B �
𝑤𝑤
ℎ
�] 
S represents the pillar strength, w, and h the pillar width and height, respectively. k is a 
strength constant related to the pillar material, and A and B are empirically derived 
constants, and they sum up to one. 
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Obert and Duvall (1967) suggested that the term K that should be used in the equation 
corresponds to a specimen of pillar material with a width-to-height ratio equal to one. This 
work was based on a study done by Obert (1946) in which several compressive strength 
tests were performed for different width-to-height ratios. 
S = k ∗ [0.778 + 0.222(
w
h
)] 
where k is the uniaxial compressive strength of a cubical pillar specimen (MPa). 
Bieniawski (1975) performed (over eight years) a number of in-situ tests on large scale 
coal specimens, with a side length varying from 0.6 to 2 meters and width-to-height ratios 
ranging from 0.5 to 3.4.  
S = k ∗ [0.64 + 0.34(
w
h
)] 
where k is the uniaxial compressive strength of a 30 cm cubical pillar specimen (MPa). 
Krauland and Soder (1987) conducted a study in 14 limestone pillars at Boliden Minerals 
Black Angel Mine, Greenland. The following is the equation proposed. 
S = 35.4 ∗ �0.778 + 0.222 �
w
h
�� 
Salamon and Munro (1967) performed an analysis of square pillars in South African coal 
mines on a 125-pillar case database. They derived this equation from a statistical analysis 
of the failed and un-failed pillars, and the values obtained for a, b and k were 0.46, 0.66, 
and 7.18 MPa, respectively.  
S = 7.18 ∗
w0.46
h0.66
 
The average factor of safety for stable pillars was 1.6, based on the histogram shown in 
Figure 8. Note that the formula above should be used only in the units it was derived in.  
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Figure 8: Determination of the strength of hard-rock mine pillars (Salamon and Munro 
1967). 
Hedley and Grant (1972) proposed a pillar design method based on data obtained from 
uranium mines in Ontario, Canada. The database was formed from 28 pillar case histories. 
The type of rock analyzed was quartzite. They noted the marked effects on the constants 
depending on the rock type. For them, a, b and k were 0.5, 0.75, and 133.26, respectively.  
S = 133 ∗
w0.5
h0.75
 
2.3.2 Principles of In-situ Stresses 
Rock at depth is subjected to a field stress called “virgin stress field” or in-situ stress field. 
These stresses exist before the excavation and result from the tectonic stresses and the 
overlying rock (gravitational stresses). When an excavation is introduced to the rock mass, 
the field stress will experience a change since the initial stress field is disrupted. The 
understanding of the induced and in-situ stresses is an essential component for assured 
pillar stability. The vertical and horizontal stresses have different behaviors.  
The vertical stresses at a certain depth are the ones generated by gravitational stresses. It is 
assumed that a linear function can describe this behavior. Hoek and Brown (1978) plot the 
depth and the measured stress for different parts of the world. This plot can be observed in 
Figure 9. 
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σv = γ ∗ z 
where σv represents the vertical stress, γ the unit weight of the rock, and z the depth. 
 
Figure 9: Vertical stress measurements from mining and civil engineering projects around 
the world (Brown and Hoek 1978). 
The tectonic activity mainly generates horizontal stresses; thus, these stresses are caused 
by the plate tectonic movements during the geological time. Because of this, horizontal 
stresses can be much higher than vertical ones. This anisotropy in the stress field is 
represented by the stress ratio K. 
σh = Kσv 
where σh represents the horizontal stress and K the stress ratio. 
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Figure 10 Ratio of horizontal stresses to vertical stresses from mining and civil 
engineering projects around the world (Brown and Hoek 1978). 
From Figure 10 it can observed that the stress ratio K varies widely and is generally bigger 
at shallow depths. This means that the horizontal stress tends to be higher on the surface. 
When the depth increases, the variability of the K ratio decreases, and it tends to the unit. 
This convergence can be explained by Heim's rule that states that the stress ratio is equal 
to one. 
Sheorey (1994) presented an elasto-static thermal stress model of the earth. This model 
takes into consideration the curvature of the crust, density, and thermal expansion 
coefficients. 
K = 0.25 + 7Eh ∗ (0.001 +
1
z
) 
where Eh is the deformation modulus of the earth's crust measured in the horizontal 
direction, and z is the depth. Figure 11 shows this plot.  
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Figure 11: Plot of the equation represents the variation of the in-situ stress ratio with 
depth (Sheorey 1994). 
2.3.3 Pillar Stress 
If the area of mining is large and the pattern of the pillar is regular, the pillar load can be 
estimated from the ratio of pillar area to total area (Salamon 1970).  
The tributary area method is one of the oldest methods to calculate the pillar stress. This 
approach assumes that a pillar will support a share of the load (multiple pillars). The weight 
of the overburden causes this load. It also assumes that the overburden above a pillar is 
separated from the rest of the overburden (laterally).  
Figure 12 shows a schematic of the tributary theory.  
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Figure 12: Tributary area loading model for development mining (Mark 2010). 
The following equation describes the tributary area theory in room-and-pillar mines. 
σp = γ ∗ H ∗ �1 +
Wo
Wp
� ∗ �1 +
Lo
Lp
� 
where σp represents the average pillar stress, γ is the unit weight of the rock, H is the depth 
of overburden cover, Wo is the width of the opening, Lo is the length of the opening, Wp is 
the width of the pillar and, Lp is the length of the pillar. 
Iannacchione (1999) plotted the relationship between the average pillar stress, overburden, 
and extraction ratio for a 13.7 m wide opening with square pillars. The extraction ratio is a 
geometric factor that affects the relationship between the area of a pillar and the adjacent 
opening along the horizontal plane. The extraction ratio for a perpendicular intersection is 
determined by the equation:  
e =
(w + r) ∗ (l + r) − w ∗ l
(w + r) ∗ (l + r)
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where e represents the extraction ratio, w the pillar width, l the pillar length, and r the room 
width. 
Figure 13 shows that as the extraction ratio increases, the average square pillar stress also 
increases. Also, when this is evaluated for different overburden, the response will be 
parallel.  
  
Figure 13: Relationship between average pillar stress levels, extraction ratios, and 
overburden for 13.7 m wide opening with square pillars (Iannacchione 1999). 
In another manner, the abutment angle theory starts with the tributary area approximation. 
Then, the abutment angle concept is used to estimate the loads transferred to the pillar 
during the different stages of the pillar extraction process. This angle has a value based on 
field observations. This angle has been assumed to be 21 degrees as a mathematical 
convenience. Figure 14 represents the concept of the abutment angle.  
20 
 
 
Figure 14: Abutment angle concept used to estimate loads in ARMPS. A: Supercritical 
panel. B: Subcritical panel (Mark 2010). 
In the case of deep mines, the tributary area is multiplied by an arch factor (Fpa) to get a 
more realistic stress value. With this approach, it is assumed that if a barrier pillar is situated 
next to the production pillars, this barrier will bear some of the load. The arch factor 
determinate by Mark (2010) is as follows: 
Fpa = 1 − 0.28[ln (
H
Pw
)] 
where Fpa is the arch factor, H is the width depth of cover and  Pw represents the panel 
width.  
Figure 15: represents the concept of the pressure arch model.  
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Figure 15 Implementation of pressure arch loadings in ARMPS. Transfer of pressure arch 
loads from the production pillars to the barrier pillars (Mark, 2010). 
2.4 Ground Reaction Curve (GRC) 
Initially developed by the civil-tunneling industry, the “characteristic lines method” 
evolved to the ground characteristic curve that describes the reaction of the excavation 
walls to the support pressure. The ground reaction curve (GRC) has found application in 
hard rock and coal mining. It is used to understand the interaction between the rock mass 
and the support system. This curve characterizes the rock mass by plotting the internal 
support pressure against the excavation convergence. The slope of the ground reaction 
curve determines the ultimate deformation to which pillar will be driven. 
Brown, Bray, Ladanyi, and Hoek (1983) explained the concept of the GRC. They reviewed 
the previous closed-form solutions like the one proposed by Detournay and Fairhurst 
(1982). They calculate these curves and observed that the material behavior models 
generally used were simple, often unrealistic in these solutions. Then, they presented a 
closed-form solution, incorporating more complex and realistic models of rock mass 
behavior. The analysis was performed in an axisymmetric problem using non-linear peak 
and residual rock mass strength. 
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Figure 16: Axisymmetric tunnel problem (Brown, Bray, et al. 1983). 
Figure 16 and Figure 17 show the concept of the GRC. The internal pressure is plotted 
against the excavation convergence. For the A-D curve, point A represents a support 
pressure equal to the stress in the surrounding rock (intact rock). In this initial state, no 
convergence takes place. Moving to point B, the ground starts losing the self-supporting 
capacity, from an initial linear response to a non-linear response. Point C represents the 
moment in which the required support resistance begins to increase (change in the first 
derivative). Point D represents the dead weight of the failed ground. The P-R line 
represents the response of the support system (Esterhuizen, Mark and Murphy 2010b). 
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Figure 17: Ground Reaction Curve (GRC) and Support Reaction Curve (SRC) 
(Esterhuizen, Mark and Murphy 2010b). 
2.5 Support Reaction Curve (SRC) 
The support systems are employed to prevent roof falls. The way to accomplish this is a 
critical issue. The Support Reaction Curve (SRC) represents a support system's capacity to 
allow convergence for a determined stress condition. The stiffer the line, the less 
convergence the support system will allow.  
Barczak (2003) determined the SRC for pumpable cribs by performing laboratory tests and 
using underground mine instrumentation. He also states that human-made supports are 
incapable of providing sufficient load capacity to eliminate all convergence. Hence, there 
will always be a degree of uncontrolled convergence.   
Figure 18 shows the loading profile for can support and Figure 19 for pumpable cribs. 
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Figure 18: Loading profile for can supports (Barczak 2003). 
  
 
Figure 19: Loading profile for a pumpable crib 30 inches (Barczak 2003). 
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A significant portion of this uncontrollable convergence is caused by the elastic 
deformations of the rock mass. As such, the amount of uncontrollable convergence will 
increase with increasing depth of cover and decreasing pillar size (Barczak, Esterhuizen 
and Dolinar 2005). 
Figure 20 shows the uncontrolled convergence. 
 
Figure 20: Ground Reaction Curve approximation convergence (Barczak, Esterhuizen 
and Dolinar 2005). 
Barczak, Esterhuizen, and Dolinar (2005) completed a study for different standing support 
systems. The support load was plot against the vertical displacement. The support systems 
evaluated can be classified into four basic types: (1) non-yielding, (2) constant yielding, 
(3) load-increasing, or strain-hardening yielding behavior, (4) load-shedding or strain-
softening yielding behavior. For this study, the supports chosen were the concrete donut 
crib (non-yielding), conventional 4-point wood crib (load increasing), pumpable roof 
support (load shedding), and the can support (constant yielding). These results can be 
observed in Figure 21. 
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Figure 21: Loading characteristics of standing support systems based on full-scale testing 
in NIOSH Mine Roof Simulator (Barczak, Esterhuizen and Dolinar 2005). 
2.6 The Ground Reaction Curve for Mining Design 
The GRC had been calculated for mining purposes multiple times in the past. 
Respectively, Mucho, Barczak, Dolinar, Bower and Bryja (1999) calculated the GRC for 
a longwall mine located in the Pittsburgh coal seam in western Pennsylvania. This mine 
used a double row of 4-point wood cribs on a 4 feet (1.2 m) spacing between supports in 
adjacent rows for the longwall tailgate stability. The mine also implemented concrete cribs 
due to the inconsistent timber quality. Since the support's stiffness is different, and the 
implementation was made in a similar geometrical arrangement. The GRC can be 
calculated with this information. These results can be observed in Figure 22. 
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Figure 22: Measured ground reaction curve for western Pennsylvania coal mine (Mucho, 
et al. 1999). 
Esterhuizen and Barczak (2006) calculated the GRC using a finite-difference model FLAC. 
Then the average convergence in the tailgate entry was recorded. These results can be 
observed in Figure 23. 
 
Figure 23: ground response curves derived from a tailgate entry model under a strong 
immediate roof with strong beds in the overburden (Esterhuizen and Barczak 2006). 
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Barczak, Esterhuizen, Ellenberger and Zhang (2008) calculated the GRC by using the 
FLAC finite-difference model. The curves were developed by simulating a uniform support 
pressure on the roof and floor of the tailgate entry while sequentially modeling the four 
external loading stage. The results are shown in Figure 24.  
 
Figure 24: GRCs for the four loading stages (Barczak, et al. 2008). 
Esterhuizen, Mark, and Murphy (2010b) calculated the GRC by using the FLAC3D finite-
difference model for coal mining excavations that used longwall and pillar extraction 
panels in the United States. Then, the pillar stress and associated convergence were 
determined. These results are shown in Figure 25. 
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Figure 25: Ground Reaction Curves at mid-span of panels for strong overburden strata at 
a 450-m depth of cover (Esterhuizen, Mark and Murphy 2010b).  
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CHAPTER 3. METHODOLOGY 
3.1 Determination of the Ground Reaction Curve 
The determination of the GRC can be done in numerous ways. The main approaches to the 
GRC determination are as follows:  
• Mucho, Barczak, and Dolinar (1999) calculated the GRC by measuring individual 
support load and the associated axial convergence.  
• Esterhuizen and Barczak (2006) calculated the GRCs by simulating a uniform 
support pressure on the tailgate entry and sequentially modeling the four external 
loading stages. 
• Barczak, Esterhuizen, Ellenberger and Zhang (2008) calculated the GRCs by 
numerical simulation. The curves were developed by simulating a uniform support 
pressure on the roof and floor of the tailgate entry while sequentially modeling the 
four external loading stages. 
• Esterhuizen, Mark, and Murphy (2010b) determined the GRC by numerical 
simulation. They reduced the pillar stiffness simultaneously in all the remaining 
pillars in the panel in a stepwise manner and determined the pillar stress and 
associated convergence at the mid-span of the extraction line. 
• Damjanac, Pierce, and Board (2014) determined the GRC for the overburden using 
numerical simulation by gradually reducing the average pressure applied to the roof 
and determining the corresponding roof displacement in the middle of the panel. 
• Ray, Agioutantis, and Kaklis (2019) determined the GRC for the overburden using 
numerical model simulation. The panel-scale model was used to analyze the strata-
pillar interaction. This GRC was obtained by reducing the pillar stiffness 
simultaneously in all the remaining pillars in the panel. 
For this case, the Esterhuizen, Mark, and Murphy, (2010b) approach will be used. Table 1 
describes the steps taken for the GRC calculation. 
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Table 1: Ground Reaction Curve determination steps. 
Ground Reaction Curve 
Step Description 
1 Define the geometry according to the information provided by the mine. 
2 Define the material properties according to the literature and the available 
laboratory tests. 
3 Model a 3 x 3 pillar system in RS3, in which the GRC will be calculated for the 
pillar in the center of the geometry. The complete overburden must be model. 
4 Define a gravity-field stress. Keep the horizontal to vertical stress ratio in the 
correct values.  
5 Reduce the stiffness in the pillar in 10 steps to observe the overburden response. 
6 Plot the stress and convergence. This curve is the Ground Reaction Curve. 
7 Compare and validate with field measurements. 
3.2 Determination of the Support Reaction Curve 
Determining the SRC will be done by modeling a single pillar. Then a load will be applied 
in a stepwise manner and the associated displacement at the midpoint of the pillar will be 
calculated. 
Table 2 describes the steps for the SRC calculation. 
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Table 2: Support Reaction Curve determination steps. 
Support Reaction Curve 
Step Description 
1 Define the pillar geometry according to the information provided by the mine. 
2 Define the material properties according to the literature and the available 
laboratory tests. 
3 Model the pillar in RS3 software. Impose symmetry conditions. 
4 Define a gravity field stress. Keep the horizontal to vertical stress ratio in the 
correct values 
5 Define displacement in a downward direction on the pillar top in a stepwise 
manner. 11 stages were defined. 
6 Record the stress and deformation on the top of the pillar. 
7 Plot the stress and pillar deformation curve. This curve is the Support Reaction 
Curve 
3.3 Ground Reaction Curve and Support Reaction Curve Interaction 
The interaction between these two curves can give a wider understanding of the equilibrium 
between the overburden response and the pillar strength. It will also provide information 
about the convergence and the stiffness of the support system. 
Ray, Agioutantis, and Kaklis (2019) presented an interaction diagram of the GRC and the 
SRC. This can be observed in Figure 26.  
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Figure 26: GRC and SRC interaction diagram (Ray, Agioutantis and Kaklis 2019). 
The strata-pillar interaction can be assessed by adding the individual stress-displacement 
(strain) curves for different pillars on the GRC chart. 
If pillars with different width-to-height ratios are modeled to calculate the SRC and then 
plotted this with the GRC, the support system's selection will have another variable to 
consider. 
Barczak, Esterhuizen, Ellenberger and Zhang (2008) calculated the GRC for a longwall 
mine and then plotted different SRCs using the STOP software. This software contained 
the SRC of various support systems such as pumpable cribs and wood. Results are shown 
in Figure 27 
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Figure 27: SRC of different support systems and GRC calculated (Barczak, et al. 2008). 
Esterhuizen, Mark, and Murphy, (2010b) calculated the SRC for pillars with different 
width-to-height ratios and the GRC for different span values. Results are shown in Figure 
28. 
 
Figure 28: Pillar stress-strain curves and ground reaction curves at mid-span of panels 
with various widths at 450m depth of cover under strong overburden strata (Esterhuizen, 
Mark and Murphy 2010b). 
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Damjanac, Pierce, and Board (2014) calculated the SRC for different extraction ratios 
varying from 50% to 90%, then they superimposed this with the expected GRC for their 
case.  Results are shown in Figure 29. 
 
Figure 29: SRC for pillars with extraction ratios of 50 to 90% superimposed with the 
GRC (Damjanac, Pierce and Board 2014). 
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CHAPTER 4. INSTRUMENTATION 
4.1 General  
4.1.1 Location 
The mine used for this study is a limestone mine that uses the room and pillar mining 
method. This mine is situated on the east of Maysville, a town in the north-east part of the 
Commonwealth of Kentucky. 
Figure 30 shows the location of the mine. 
 
Figure 30: Map of the United States with the location of the mine 
4.1.2 Mining Method 
The recovery of mineral from underground excavations involves the development of 
physical access to the mineralized zone, the extraction of the ore from the host rock, and 
its transportation to the mine surface. With different ways of mineralization, the 
excavations need different shapes, orientations, sizes, and functions to ensure stability.  
The room-and-pillar method is considered one of the oldest mining methods. It is used for 
bedded deposits of limited thickness. Examples include sedimentary deposits like copper 
shale, coal seams, limestone, and dolomite. The method consists of opening multiple 
excavations (rooms) and leaving part of the mineral (pillars) to support the overburden 
loads. To maximize the ore's recovery, the objective is to leave the smallest possible pillars 
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behind while still ensuring roof stability. The roof is commonly reinforced with rock bolts. 
Rooms and pillars are normally arranged in a regular pattern (irregular patterns also exist) 
due to the convenience of calculating pillar strength and stress and the ease of transporting 
the material with heavy equipment (Brady and Brown 1985). 
Figure 31 shows a classic room-and-pillar operation. 
 
Figure 31: Typical supported Room-and-pillar operation (Hamrin, Hustrulid and Bullock 
2001). 
The mine for this study used benching after the development is done. When benching 
occurs, the width-to-height ratio of the pillars changes. Thus, the strength of the pillar also 
changes. According to Esterhuizen, Dolinar, and Iannacchione (2008), the room-and-pillar 
method in the Eastern and Midwestern United States include excavations varying from 12 
to 18 m wide. Typically the openings are about 8 m high on initial development, and the 
floor is bench mined in about 30% of the operations to produce a typical final excavation 
of 15 m. 
Iannacchione (1999) presented the distribution of width-to-height ratio for the 70 mines 
surveyed in a study done by the National Institute for Occupational Safety and Health 
(NIOSH) between 1996 and 1998. Two distributions can be observed; the development 
pillar distribution has an average width-to-height ratio of 1.73 with a standard deviation of 
0.48. The benched pillars' distribution had an average width-to-height ratio of 0.92, with a 
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standard deviation of 0.35. The development distribution is closer to a normal distribution, 
and the benched distribution is slightly skewed to the left. This distribution is shown in 
Figure 32. 
 
Figure 32: Width-to-height ratios of pillars used in development and benching sections 
(Iannacchione 1999). 
4.2 Instrumentation Program  
The instruments were installed in a pillar at a depth of around 1350 feet (411.48 m). The 
instrumented pillar is 93 feet (28.35 m) long by 34 feet (10.36 m) wide, with a development 
height of 25 feet (7.62 m) and a final height of 61 feet (18.59 m).  
Figure 33 shows the instrumentation on a mine map provided by the limestone mine. The 
red star represents the instrumented pillar. The pillar benching face can also be seen on the 
map. The initial plan was to have the benching operation near the instrumented pillar 
completed in December 2019. However, due to operational issues at the mine, operations 
slowed down considerably during the fall of 2019 and the spring of 2020. Partial benching 
was completed by the summer of 2020.  
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Figure 33: Instrumentation location in the pillar. 
Figure 34 shows the cross-section view of the instrumentation on the pillar. This view 
includes BPC-1 and extensometer 3 in the pillar rib and extensometer 1 and 2 in the roof. 
Figure 35 shows the top view of the instrumented pillar. This view shows BPC-1, BPC-2, 
extensometer 3, and extensometer 6 in the pillar rib, and extensometers 1, 2, 4, and 5 in the 
roof. These two locations are separated by several feet. 
 
Figure 34: Instrumentation layout at the pillar (cross-section view). 
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Figure 35: Instrumentation location at the pillar (top view). 
Figure 36 shows the limestone pillar that is instrumented using BPCs and extensometers. 
Two locations are instrumented for the purpose of redundancy. 
 
Figure 36: Instrumented pillar (extensometer locations marked by a green cross and BPC 
locations marked by red boxes). 
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Figure 37 and Figure 38 show the holes drilled into the limestone pillar that was 
instrumented using BPCs and extensometers. The holes are 11 feet deep. The diameter of 
the BPC hole is 2.5 inches, and the diameter for the extensometer hole is 2.25 inches.  
 
Figure 37: Drill holes provided for BPC (left hole) and extensometer (right drill hole) 
installation. 
 
 
Figure 38: Drill holes provided for BPC (left hole) and extensometer (top right drill hole) 
installation. 
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Figure 39 and Figure 40 show the holes drilled into the roof that were eventually 
instrumented with extensometers. The holes are 10 feet (3.05m) deep. The diameter for the 
extensometer hole is 2.25 inches (57.15 mm).  
 
Figure 39: Drill holes provided for extensometers installation in the roof. 
 
 
Figure 40: Drill holes provided for extensometers installation in the roof. 
 
43 
 
Figure 41 and Figure 42 show the benching operation near the instrumented pillar. Due to 
the benching operation, there will be load transferred to the pillar, and the purpose of the 
instrumentation is to measure how pillar loading changes with benching. 
 
Figure 41: Benching operation close to the instrumented pillar (1/2). 
 
 
Figure 42: Benching operation close to the instrumented pillar (2/2). 
 
44 
 
Figure 43 and Figure 44 show the installed instruments. Figure 43 shows the four 
extensometers in the roof. Figure 44 shows a pair of BPCs and one extensometer installed 
in the pillar rib.  Figure 45 shows the BPC location as covered by rubber pads and the BPC 
cable to the datalogger through a PVC flexible pipe. The rubber pads and PVC flexible 
pipe were installed by mine personnel to protect wiring during blasting. 
 
Figure 43: Four extensometers installed in the roof (marked in red circles). 
 
 
Figure 44: BPC and extensometer installed in the pillar. 
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Figure 45: BPCs covered by rubber pads; cable to datalogger housed in PVC pipe. 
Figure 46 shows the datalogger installation underground, while Figure 47 shows the 
completed drill holes before benching the instrumented pillar. 
 
Figure 46: Datalogger installation underground. 
 
46 
 
 
Figure 47: Drill holes are completed before benching the instrumented pillar. 
 
 
Figure 48: Instrumented pillar side view. 
 
47 
 
Figure 48 gFigure 49 and Figure 50 show the location and condition of the BPC's and the 
extensometers at the same time.  
 
Figure 49: Instrumented location of the BPC (May 26, 2020). 
 
 
Figure 50: Location of extensometers. 
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4.3 Instruments Used 
Instrumentation equipment was purchased from two separate companies: Geokon and 
Simplified Mine Instruments (SMI). Two Borehole Pressure Cells, a data logger along with 
installation kits and accessories were purchased from Geokon. Six extensometers, cables, 
and installation kits were purchased from SMI.  The datalogger included a multiplexer unit 
that allowed for collecting BPC data together with extensometer data.  
Figure 51 to Figure 55 show the parts and tools used for the extensometers installation. 
Figure 51 shows the potentiometers of the borehole extensometers that were utilized in the 
pillar instrumentation. The potentiometer protrudes about 4-5 inches (100.16-127 mm) 
from the mouth of the borehole. It is then connected to the extension rods (Figure 52), 
which are inserted into the borehole. The extensometers have a full travel capacity of 1.5 
inches (38.1 mm). The data cable (Figure 53) from the potentiometer is then connected to 
the data logger (Figure 55) using the connectors (Figure 54).  
 
Figure 51: Potentiometers for extensometers. 
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Figure 52: Extension rods for the extensometers. 
 
 
Figure 53: Data Cables for the extensometers. 
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Figure 54: Connectors for the data cable. 
 
 
Figure 55: Data Logger. 
Figure 56, Figure 57, and Figure 58 show parts and tools used for the BPC installation. 
Figure 56 shows the pre-encapsulated BPC flat-jacks in quick-setting cement. Geokon 
performed the pre-encapsulation, and the BPC was received, as shown in Figure 56. The 
BPC was inserted to the farthest end of the drill hole (in the pillar) and was pressurized to 
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9.3 MPa (1350 psi) using the hydraulic pump shown in Figure 57. The BPC cables are then 
connected to the multiplexer (Figure 58), which in turn will be connected to the Data 
Logger (Figure 55).  
 
Figure 56: Pre-encapsulated BPC and cable spool 
 
 
Figure 57: Hydraulic pump and hose used to pressurize the BPCs. 
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Figure 58: Multiplexer to connect with the BPCs. 
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4.4 Instrumentation Results 
4.4.1 Bore Pressure Cells Results 
The BPCs began recording data on 5/16/2019, and the final available reading was on 
6/2/2020. The raw data from both BPC-1 and BPC-2 are shown in Figure 59.  
 
Figure 59: Raw pressure readings obtained from BPC-1 and BPC-2. 
 
Figure 60 shows the readings obtained by both BPC-1, and BPC-2. The initial value for 
BPC-1 is 6.7 MPa (972 psi) that then decays to a minimum recorded value of 4.8 MPa (696 
psi). The initial value for BPC-2 is 13.8 MPa (2001 psi) than then decays to a minimum 
recorded of 6 MPa (870 psi). The general behavior obtained by both BPCs is similar. 
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Figure 60: Pressure readings obtained for BPC-1 and BPC-2. 
Blasting occurrences were added to the BPC plots in effort to correlate potential changes 
with blasting activities Table 3 shows a summary of the blast reports for the time period 
studied. 
Table 3: Blasting dates near the instrumented pillar. 
Blast Number Blast Date 
1 7/29/2019 
2 7/30/2019 
3 8/29/2019 
4 10/7/2019 
5 10/29/2019 
6 2/26/2020 
7 3/9/2020 
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Figure 61 shows the BPC data together with the recorded blasts. 
 
Figure 61: Pressure readings with blasts. 
Note that blast 1 and blast 2 are very close together timewise.  The other blasts are spaced 
out in time due to the fact that operations where slow during that time. It can be observed 
that on February 26, 2020, both BPCs registered a drop. The pressure at BPC-1 dropped 
by 0.7 MPa (102 psi), and pressure for BPC-2 dropped by 0.3 MPa (44 psi). This may have 
been caused by a blast that happened that day (Blast 6).  
4.4.2 Extensometers Results 
The extensometers started recording data on 5/16/2019, and the final available reading was 
on 7/16/2020. The raw data from EXT-1, EXT-2, EXT-3, EXT-4, EXT-5, and EXT-6 are 
shown in Figure 62. The data between May 16, 2019, and August 2, 2019, show erratic 
behavior and will be ignored. 
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Figure 62: Raw displacement readings obtained from EXT-1, EXT-2, EXT-3, EXT-4, 
EXT-5, and EXT-6. 
 
Figure 63 to Figure 68 show the data for each extensometer together with the recorded 
blasts. 
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Figure 63: Roof extension data obtained from EXT-1 with blasts. 
 
 
Figure 64: Roof extension data obtained from EXT-2 with blasts. 
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Figure 65: Rib convergence data obtained from EXT-3 with blasts. 
 
 
Figure 66: Roof extension data obtained from EXT-4 with blasts. 
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Figure 67: Roof extension data obtained from EXT-5. 
 
 
Figure 68: Rib convergence data obtained from EXT-6 with blasts 
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Figure 69 shows the data collected from all six extensometers together with the recorded 
blasts. 
 
Figure 69: Displacement readings with blasts. 
 
A positive value of displacement indicates that the roof moves in a downward way (EXT-
1, EXT-2, EXT-4, EXT-5) or that the rib dilates out (EXT-3 and EXT-6). With this, it can 
be observed that EXT-1 and EXT-4 show a displacement of 3.8 mm (0.15 inches) and 5.23 
mm (0.21 inches). This may be caused by a blast that took place on that day (Blast 6) in 
Figure 69. EXT-6 shows a negative displacement of approximately 31 mm (1.22 inches). 
This can be interpreted as device failure. EXT-2, EXT-3, and EXT-5 show a constant value 
and then a drop, meaning that the roof moved upwards and/or the rib moved inwards. This 
is interpreted as extensometer slippage inside the borehole due to blast vibrations.  
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CHAPTER 5. NUMERICAL MODELING AND RESULTS 
5.1 Overview of the Finite Element Method 
The finite element method (FEM) is a numerical method for solving engineering and 
mathematical physics problems. It is useful in problems with complex geometries, loads, 
and material properties, where the analytical solution cannot be obtained. Analytical 
solutions require the solution of ordinary or partial differential equations, which, because 
of the complicated geometries, loadings, and material properties, are not usually obtained. 
Hence the numerical methods, such as the FEM, can provide acceptable solutions. 
The FEM formulation relies on solving a system of simultaneous algebraic equations rather 
than requiring the solution of differential equations. This method gives approximate values 
of the unknowns at discrete numbers of points in the continuum. This implies that the 
model body should be divided into smaller units (finite elements) interconnected at 
common points of two or more elements (nodes). This division is called discretization, and 
it is a main element in the FEM.  
For this method, rather than solving the problem for the whole body in a single operation, 
it formulates the equations for each finite element and combines them to obtain the solution 
of the whole body (Logan, 1986). 
5.2 RS2 and RS3 Software 
RS2 and RS3 are finite element programs develop by Rocscience. They are widely used 
for mining and civil applications and, more specifically, for tunnel and support design, 
underground excavations, groundwater seepage, etc. RS2 and RS3 allow for different 
material models and failure criteria, discrete excavation stages, different loading, boundary 
conditions, and other user-defined parameters. 
The 2D version (RS2) can only perform analysis of in-plane strain and axisymmetric 
conditions. RS3 offers many more options for complicated 3D geometries and stress 
analysis. 
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Limestone can be modeled using different constitutive models. The most common 
modeling approach is to either use the Mohr-Coulomb failure criterion or the Hoek-Brown 
failure criterion. In essence, the material behaves as elastic material up to the yield point, 
and then it behaves as a plastic material. These criteria can be used in RS2 and RS3. 
Table 4 shows the Mohr-Coulomb parameters used in the model. 
Table 4: Mohr-Coulomb parameters for modeling limestone material as used by 
Esterhuizen et al. (2010a). 
UCS (lab scale) 20 MPa 
Young's modulus 40 GPa 
Poisson's ratio 0.3 
Peak Cohesion  15.10 MPa 
Peak Friction Angle 40 deg 
Peak Tensile Strength 5 MPa 
Dilation Angle 10 deg 
 
The parameter data from the Mohr-Coulomb model was input in the software RocData. 
Then, the Hoek-Brown parameters were calculated.  
Table 5 shows the Hoek-Brown parameters converted with the RocData software. 
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Table 5: Hoek-Brown parameters for modeling limestone using the RocData software. 
 
Figure 70 shows a superposition of the Mohr-Coulomb and Hoek-Brown criteria. Both 
criteria exhibit the same behavior within a certain range. 
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Figure 70: Comparison of the Mohr-Coulomb (blue) and Hoek-Brown (red) failure 
criterion. 
5.3 Pillar Modeling and Determination of the Support Reaction Curve. 
The pillar response to loading and failure was modeled using both the RS2 and RS3 finite 
element software.  The GRC was determined from the average stress-strain curve at the top 
of the pillar. In addition, results were compared between the 2D and 3D models. 
Mine operations utilize a room and pillar layout. The instrumented pillar is 28 m (93 feet) 
long by 10 m (34 feet) wide on 46 m (150 feet) by 27 m (90 feet) centers. The simulation 
model includes nine pillars. The instrumented pillar is set in the middle of the model to 
allow for symmetry. Figure 71 shows a plan view of the model. The 2D model only 
corresponds to the center pillar, while the 3D model simulates the behavior of all nine 
pillars.  
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Figure 72 shows the cross-section of the 2D model. Stage (a) corresponds to pre-mining 
(i.e., intact rock), stage (b) corresponds to the development phase where the pillar has a 
width-to-height ratio of 3.72, and stage (c) corresponds to the fully extracted entry and full 
exposure of the pillar to vertical and horizontal stresses. The height of the cross-section in 
the 2D model is 80 m (261 feet). The same height applies to the 3D scenarios as well.  In 
all cases, the development height is 8 m (25 feet), and the final height is 19 m (61 feet). 
The final width-to-height ratio is 1.52. 
 
 
Figure 71 Mine geometry plan view. 
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Figure 72 Cross-section of the instrumented pillar. 
The geometry shown in Figure 72 was used in the RS2 software.  
The mesh was defined in a graded manner with 6 noded triangles elements. The mesh in 
the pillar portion of the model was refined. Figure 73 shows the mesh setup interface. 
 
Figure 73 Mesh setup in RS2 software. 
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Figure 74 shows the model with the boundary conditions imposed, where the left and right 
boundaries of the model were constrained in the X direction (this is represented by a circle 
at the sides of the model), the bottom and top boundary was constrained in the X and Y 
directions (this is represented by a triangle at the bottom and top of the model). The mesh 
shown in the figure corresponds to a pre-excavation stage. 
Figure 75 shows a vertical displacement that was applied to the top boundary of the model 
(this is represented by arrows pointing in a downwards direction). The mesh corresponds 
to a post-excavation stage. 
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Figure 74 Pillar model in RS2 prior to the excavation being introduced. 
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Figure 75 Pillar model in RS2 with boundary conditions, mesh, and downward 
displacement. 
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An external downward displacement simulates the stress state on the model. To obtain 
different stress states' responses, the external displacement increased accordingly in 6 mm 
(0.24 inches) intervals. Using this technique, the pillar's stress-deformation curve was 
obtained by recoding the stresses and displacement at the final solution stage in each model 
where the pillar has a final height of 19 m (61 feet). The deformation was recorded at the 
top center point of the pillar. 
Figure 76 shows the stress-deformation curve generated with the RS2 software. 
 
Figure 76 Stress-deformation curve for the pillar with RS2. 
Similarly, the RS3 models simulated the behavior of pillar to axial failure. The lateral 
model boundaries were constrained in the X and Y directions. The bottom boundary was 
constrained in all three directions, and a downward displacement was applied on the top 
boundary. Thus, the movement was only allowed in a vertical direction. Figure 77 shows 
the boundary conditions imposed in the model. 
0
5
10
15
20
25
30
35
40
45
0 10 20 30 40
St
re
ss
 (M
Pa
)
Pillar Deformation (mm)
Stress vs Pillar Deformation
SRC(Mohr-Coulomb)
SRC(Hoek-Brown)
71 
 
 
Figure 77 Pillar model in RS3 with boundary conditions. 
The material properties used in the RS3 models were the same as the ones in the RS2 
models. In RS2, the increasing stress was simulated in the same manner as in the RS2 
models. Models were run under displacement control, i.e., vertical displacement was 
gradually increased in the model in a stepwise manner. The stress was recorded at the 
location of interest, i.e., by running models with a different Z-displacement value. The 
stress-deformation curve for this case can be seen in Figure 78. This method ensures model 
convergence as stresses can be readjusted based on the failure criteria.  
Eleven stages were set up in each model. The first stage was to generate a solid without the 
excavation. Then, the excavation was introduced into the model. After this, the 
displacement was introduced on the top part of the model, in intervals of 5 mm (0.2 inches). 
Furthermore, the displacement was increased in each subsequent stage for a last introduced 
displacement of 50 mm (1.97 inches).  
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Purely elastic models do not need a stepwise displacement or load increase, but 
elastoplastic or other non-elastic models need the extra steps to allow the models to attain 
partial equilibrium at each solution step.  
 
Figure 78 Stress-deformation curve for the pillar using a three-dimensional model in RS3 
A comparison between the 3D and 2D results is presented in a separate section below. Note 
that the 2D models can only be run using a plane strain assumption, while the 3D models 
consider the effect of the third dimension. 
The Support Reaction Curve is the same as the stress-deformation curve for the pillar. This 
response is obtained by recording the stress at the top of the modeled pillar and the 
deformation between two points located vertically at the pillar's bottom and top. Since the 
bottom of the model is fixed, the deformation will be the total vertical displacement at the 
queried location. 
Figure 79 and Figure 80 shows the output from the RS2 and RS3 model. 
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Figure 79 RS2 output for SRC determination. 
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Figure 80: RS3 output for SRC determination. 
 
5.4 Overburden Response Modeling and Ground Reaction Curve Determination 
Obtaining the ground reaction curve is more challenging than determining the support 
reaction curve for the support (pillar). In this case, the simulation model includes nine 
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pillars. The width of the entire model is 82 m (270 feet), and the length 137 m (450 feet). 
The overburden height was included in the modeling, and thus the model height is 461 m 
(1511 feet). 
Figure 81 shows a plan view of the model. Due to symmetry conditions at the edges, only 
half of the entry width is included in the model. The ground reaction curve is defined as 
the plot of the internal support pressure against the convergence of the roof (Esterhuizen et 
al. 2010a).  
 
Figure 81 Mine geometry plan view for the GRC model 
The geometry shown in Figure 81 was used in the RS2 software. Figure 82 shows the 
model with the boundary conditions imposed, where the left and right boundaries of the 
model were constrained in the X direction, the lower boundary was constrained in the X 
and Y directions, and the top boundary was free. 
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Figure 82:Overburden model in RS2 with boundary conditions and mesh. 
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Once the initial loads are applied to the two-dimensional model, then the excavated 
openings are introduced into the model.  
To obtain the center pillar's response (GRC) to different loading conditions, the center 
pillar's stiffness was changed between different model runs, in a stepwise manner from 
100% to 0% of the stiffness. 
Figure 83 shows the output from the RS2 model. 
 
Figure 83: RS2 output for GRC determination. 
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RS3 modeling takes place in stages. Once the initial loads are applied to the three-
dimensional model, then the excavated openings are introduced into the model. The 
boundary conditions for the bottom of the model was to restrain the displacements in the 
X, Y, and Z directions (Figure 84). The lateral boundary conditions included restraints in 
both the X and Y direction, and thus, the movement was only allowed along the vertical 
axis. Boundary conditions were not applied at the top of the model as that represents the 
free surface. Loading of the model was performed using the "gravity load" option of the 
software program. 
To obtain the center pillar's response (GRC) to different loading conditions, the center 
pillar's stiffness was changed between different model runs.  
 
Figure 84 Full model in RS3 with boundary conditions. 
Figure 85 shows displacement contours on the pillar sides and the roof for a particular 
loading condition. One can observe differences in the calculated displacements between 
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the middle pillar and the ones around it. The changes in the calculated displacements can 
be attributed to a pillar stiffness change. 
 
Figure 85 RS3 output for the GRC determination.  
Figure 86 shows a cross-section of the model that details the development and benching of 
each entry. 
 
Figure 86 Instrumented pillar cross-section. 
As already mentioned, the ground reaction curve was determined by reducing the stiffness 
of the center pillar in a stepwise manner. Then average stress and displacement at the top 
of the pillar location were recorded, while the initial stress displacement was set to zero.  
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The results from the RS2 and RS3 software can be observed in Figure 87. 
 
Figure 87 GRC calculated with RS2 and RS3. 
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CHAPTER 6. DISCUSSION 
6.1 Support Reaction Curve (RS2) 
Figure 79 compares pillar behavior under the Mohr-Coulomb criterion and the Hoek-
Brown criterion using a 2D model. It can be observed that the response of the elastic zone 
for both models is the same. The pillar deformation at 37 MPa (5366 psi) is 34 mm (1.33 
inches). The parameters used for the two models are specified in Table 4 and Table 5. 
6.2 Support Reaction Curve (RS3) 
Figure 80 compares pillar behavior under the Mohr-Coulomb criterion and the Hoek-
Brown criterion using a 3D model. It can be observed that the pillar deformation for the 
Mohr-Coulomb criterion, as well as the Hoek-Brown criterion at 29.1 MPa (4220 psi), is 
24.2 mm (0.95 inches). Model behavior is similar, whereby the application of the Hoek-
Brown criterion results in a slightly different transition to the plastic regime.  
It should be noted that although the maximum resistance of the pillar is the same using 
these two criteria, the behavior in the plastic zone is different. This could result from the 
parameters input in the models due to the transformation from one criterion to another 
using RocData. The parameters used for the two models are specified in Table 4 and Table 
5. 
6.3 Ground Reaction Curve (RS2 and SR3) 
Figure 87 compares the GRC generated in RS2 and RS3. Both curves have a similar 
behavior starting at zero convergence and gradually increasing while the pressure 
decreases. The 2D model starts with a pressure value of 14 MPa (2030.53 psi) descending 
linearly to 0 MPa. The 3D model starts with a pressure value of 17 MPa (2465.64 psi) 
descending linearly to 0 MPa. The differences in the results can be an effect of the plane 
strain assumptions made in RS2. 
6.4 Ground Reaction Curve and Support Reaction Curve (RS2) 
Figure 88 shows a plot of the GRC together with the SRCs using the Mohr-Coulomb and 
Hoek-Brown criteria, where all curves were generated in the RS2 software. The point in 
which the GRC and the SRC intersect is the equilibrium point. 
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Figure 88 GRC and SRCs (Mohr-Coulomb and Hoek-Brown) in RS2. 
The stress value at the intersection point between the GRC and the SRCs (Mohr-Coulomb 
& Hoek-Brown) is 9 MPa (1305 psi), and the value for the deformation is 8 mm (0.31 
inches).  
6.5 Ground Reaction Curve and Support Reaction Curve (RS3) 
Figure 89 shows a plot of the GRC together with the SRC using the Mohr-Coulomb and 
Hoek-Brown criteria, where all curves were generated in the RS3 software. The point in 
which the GRC and the SRCs intersect is the equilibrium point. 
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Figure 89: GRC and SRC (Mohr-Coulomb and Hoek-Brown) in RS3. 
It can also be observed that the GRC intersects with both SRCs. The stress values at the 
intersection point between the GRC and both SRCs is 8 MPa (1160 psi), and the value for 
the deformation is 7 mm (0.27 inches) for both cases. 
Comparison of the Models and the Instrumentation Data 
Figure 60 and Figure 69 show the BPC and extensometer data recorded at the pillar. Figure 
88 and Figure 89 show the modeling results for the ground reaction curve and the support 
reaction curve calculated with the Mohr-Coulomb and Hoek-Brown criteria, respectively. 
The instrumentation data will be compared against the models generated in RS3 due to its 
better representation of reality. 
Extensometer data (EXT-1) show a maximum displacement of 5.23 mm (0.26 inches). 
However the data do not show a trend of increasing displacement with time and decreasing 
pressure. The models using Mohr-Coulomb and Hoek-Brown calculate an expected 
displacement of 11 mm (0.43 inches).  
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The last pressure value was recorded by the BPCs of 6 MPa for BPC-1 and 5 MPa for BPC-
2. An 8 MPa (1160.30 psi) (Mohr-Coulomb) and an 8 MPa (1160.30 psi) (Hoek-Brown) 
pressure was determined as the equilibrium point in the models. As before, the numerical 
results are of the same order of magnitude as measured values.   
85 
 
CHAPTER 7. CONCLUSIONS AND RECOMMENDATIONS 
7.1 Conclusions 
The primary objective of this thesis was to review the stone pillar design methodology and 
the implementation of the Ground Reaction Curve concept into pillar design by using 
numerical modeling. This methodology provides a better incorporation of overburden 
mechanics in the global stability equation as deformations are also included in the stability 
analysis. The Ground Reaction Curve was originally developed for the civil tunneling 
industry, but its approach was later introduced in mining design by numerous authors to 
evaluate ground support. 
Numerical modeling by utilizing the finite element method was conducted for evaluating 
pillar stability regarding deformation and stress levels. The two-dimensional model does 
not account for the entire geometry of the mine; it corresponds to a pillar of a specified 
width with an infinite length. Thus, the response of the overburden when the excavation is 
introduced is not as realistic as the three-dimensional model. 
To validate the proposed methodology for developing the Ground Reaction Curve and 
Support Reaction Curve, a room-and-pillar limestone mine in Kentucky was instrumented 
with borehole pressure cells and roof extensometers.  
The following are the main conclusions obtained from this work:  
• The Ground Reaction Curve allows for overburden deformation to be included in 
the stress balance before and after an excavation. Thus the overburden response 
mechanism can be represented not just by action and reaction forces but by 
including both the deformation of the roof and the pillar. This is possible due to the 
versatility and the applicability of numerical modelling. Although the empirical 
solutions must be taken into consideration for an integrated methodology.  
• For this case study, the Support Reaction Curve extends above the Ground Reaction 
Curve. This indicates that the pillar can likely take a higher load than the load 
applied during the benching process. This pillar is expected to remain stable for the 
mining cycle. 
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• The stresses calculated by the two-dimensional and three-dimensional models were 
in the same order of magnitude as the field measurements. Although the 
extensometer measurements, were inconclusive, stress field measurements provide 
a partial validation of the models. 
• The Support Reaction Curve generated by the two-dimensional models is similar 
to the one generated by the three-dimensional models. The first part of the SRC is 
linear and corresponds to the elastic response of the rock mass before the failure 
criteria are engaged.  The difference between the two curves can be explained by 
the fact that a plane strain 2D model refers to an infinitely long pillar while a 3D 
model accounts for the finite dimensions of each pillar. 
7.2 Recommendations 
The current research thesis has obtained the Ground Reaction Curve and Support Reaction 
Curve for a limestone mine through two-dimensional and three-dimensional numerical 
modeling. 
Suggestions for future study including the following:  
1. Develop different Support Reaction Curves for the same mine. The width-to-height 
ratio can be varied to check different equilibrium states and assist the mine in the 
design process. 
2. Develop different Ground Reaction Curves for the same mine. The overburden 
thickness can be varied as well as the mine layout. 
3. Complex geology (through borehole information and site observations) can be 
introduced into the model for a better representation of actual conditions, i.e., 
groundwater data, discontinuities, joints. 
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